To confirm the numerically demonstrated chaotic behavior in a chaotic system with only one stable equilibrium reported by Wang and Chen, we resort to Poincaré map technique and present a rigorous computer-assisted verification of horseshoe chaos by virtue of topological horseshoes theory.
Introduction
Wang and Chen reported a three-dimensional autonomous chaotic system in [Wang & Chen, 2012] 
This system possesses a unique equilibrium q * = (0.25, 0.0625, −0.096) with the eigenvalues of its Jacobian matrix given by −0.96069, −0.01966 ± 0.50975j, where j 2 = −1. Hence the unique equilibrium is a stable node-focus. Although chaos theory has been intensively and extensively studied since Lorenz discovered the first physical evidence of chaos in [Lorenz, 1963] , and various chaotic systems have been reported in recent decades, the paper [Wang & Chen, 2012] seems to be the first to numerically discover the autonomous quadratic chaotic system described by (1) that has only one stable equilibrium. In addition, for this striking chaotic system, the wellknown Si'lnikov criterions are not applicable due to the impossibility of existence of homoclinic orbit and the unique stable node-focus equilibrium.
So system (1) reveals some new mysterious features of chaos. It is significant to verify the existence of chaos and thus to investigate a new mechanism of chaos. In this letter, we resort to Poincaré map technique and present a rigorous computer-assisted verification of horseshoe chaos by virtue of topological horseshoe theory (see [Li & Yang, 2010; Yang & Tang, 2004] ).
The rest of this letter is organized as follows. We first review the topological horseshoe theory in Sec. 2 and present our main arguments in Sec. 3. Then we give our conclusions in Sec. 4.
Preliminaries
To study the dynamics of the Poincaré map induced by the flow of system (1), we first recall some aspects of symbolic dynamics and a result on topological horseshoe [Yang & Tang, 2004] , which is essential for giving a rigorous verification of chaos in system (1).
Let
Then under the distance defined by (2), m is a metric space that is compact, totally disconnected and perfect (see [Whan et al., 1995] ), i.e. m is a Cantor set which frequently appears in the characterization of complex structures of invariant sets in a chaotic dynamical system.
Definition 2.1. Let X and m be topological spaces, f : X → X and σ : m → m be continuous functions. We say that f is topologically semi-conjugate to σ, if there exists a continuous sur- For proofs of the above statements, we refer the reader to [Wiggins, 1990] . By this proposition we know that the dynamics generated by σ is chaotic in the sense of sensitivity to initial conditions. Now we recall a result on horseshoe theory. Let X be a metric space, D be a compact subset of X, and f : D → X be a map satisfying the assumption that there exist m mutually disjoint compact subsets Let F be a family of connections with respect
Then F is said to be an f -connected family with
Horseshoe Lemma [Yang & Tang, 2004] 
Horseshoes in Dynamics of Poincaré Map
In this section, we will seek a cross-section for the chaotic attractor of system (1) to define a Poincaré map. After many attempts, we take a cross-section as follows
and we define the corresponding Poincaré map H : → as follows: for each p ∈ , H(p) is taken to be the first return to under the flow generated by system (1) with p being the initial state.
In the plane , we take a quadrilateral D 1 with its four vertices given by (−0.381089861, 0.259234499, 0) , (−0.357364487, 0.257128275, 0) , (−0.305351169, 0.212087469, 0) , (−0.322871444, 0.208685106, 0) . Proof. Let D 3 be the quadrilateral formed by the four endpoints of line segments
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, then D is a connected compact set as shown in Fig. 3 . To prove this theorem, we will show that the map H 2 has an H 2 -connected family with respect to D 1 and D 2 .
From Fig. 1 
Similarly, from Fig. 2 
Let F be the family of connections γs with the following property: γ is a path crossing D as shown in Fig. 3 . Then from the above arguments, it is easy to see that for every γ i = γ ∩ D i we have H 2 (γ i ) ∈ F , i = 1, 2. Now it follows from the Horseshoe lemma that there exists a compact invariant subset Λ ⊂ D 1 ∪ D 2 , such that H 2 | Λ is semi-conjugate to 2-shift map.
Conclusions
In [Wang & Chen, 2012] , the authors discovered the striking chaotic system (1), which reveals some new mysterious features of chaos. To investigate the chaotic mechanism, we have presented a rigorous computer-assisted verification of horseshoe chaos in system (1) by the Poincaré map technique and topological horseshoe theory in this letter, and we will study the following two topics for future research.
(a) Estimate the topological entropy of this new chaotic system and compare it with the unstable saddle-focus chaos. (b) Approximate the locations of some unstable periodic orbits and study how these unstable periodic orbits evolve as the key system parameter changes.
